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We analyze the phenomenon of birefringence of the electromagnetic ﬁeld in the context of noncom-
mutative geometry, using as background a deformed pp-wave solution to noncommutative Einstein’s 
equations. The light-cone structure is determined using a generalized Fresnel equation characterizing 
the propagation of light in premetric vacuum electrodynamics.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
The theory of general relativity has been extended to different 
physical contexts, such as higher derivative theories, braneworlds 
and bi-metric theories, with the purpose of obtaining helpful in-
sights, among others, into a quantum theory of gravity (see for ex-
ample [1–3] and references therein). In [4], using the Groenewold– 
Moyal–Weyl -product, a 4-dimensional theory of deformed gravity 
due to a noncommutative structure has been proposed by Aschieri 
et al.
The ﬁrst example involving a noncommutative structure of 
space–time was given by H. Snyder, who proposed a model [5,6] 
where coordinates in Minkowski space–time not longer commuted 
and had a discrete spectrum of values. Later on, in the 1990’s, sev-
eral works appeared dealing with the uniﬁcation of gravity and 
the standard model using ideas of noncommutative geometry. It 
is expected that the existence of a noncommutative structure of 
space–time should manifest itself in high-energy processes, as for 
example in the Large Hadron Collider, where bounds on the non-
commutative parameter of the deformed standard model may be 
obtained [7,8].
In this work we would like to discuss the effect of birefringence 
in electromagnetic waves as they move in a gravitational plane 
wave background [9], which is compatible with a noncommutative 
structure of space–time. For this, we take the construction in [4] as 
a speciﬁc model of a deformed theory of gravity. It should be men-
tioned that other 4-dimensional gravitational actions based on the
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making use of the Seiberg–Witten map and having interesting fea-
tures, e.g. the property that the star product is invariant under 
diffeomorphism transformations.
This work is organized as follows: in Section 2 we review the 
phenomenon of birefringence in general relativity. In Section 3 
we present the solution describing noncommutative pp-waves, up 
to second order on the deformation parameter. Birefringence and 
light-cone structure are then discussed in Section 4. Finally, in Sec-
tion 5, we comment on these results.
2. Birefringence in general relativity
It is well known [13] that Maxwell’s equations in a four-
dimensional curved space–time read:
f αβ ;β = 4π jα, f[αβ;γ ] = 0, (1)
where fαβ is the electromagnetic tensor; they can be written 
in equivalent Faraday form as the usual set of three-dimensional 
equations in ﬂat space–time in terms of the electric ﬁeld Ea , the 
magnetic ﬁeld Ba , the electric displacement Da , and the magneti-
zation Ha ,
−Da,0 + abcHc,b = 4π ia, Da,a = 4πρ,
Ba,0 + abc Ec,b = 0, Ba,a = 0, (2)
using the following deﬁnitions
Ea := fa0, Ba := 1
2 
abc fbc,
Da := (−g)1/2 f 0a, Ha := abc(−g)1/2 f bc,
ρ := (−g)1/2 j0, ia := (−g)1/2 ja, (3)
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Da = ab Eb + abc gbHc,
Ba = −abc gb Ec + abHb, (4)
where
ab = μab := − (−g)
1/2
g00
gab, ga := ga0
g00
. (5)
In the above expressions abc is the standard three-dimensional
Levi-Civita symbol with 123 = +1, g is the determinant of the
metric, ρ is the charge density and ia is the current density.
In Minkowski space–time, and for quiescent media, the three-
dimensional tensors ab , μab are interpreted as corresponding to
dielectric permittivity and magnetic permeability tensors. It should
be stressed however, that the analogy with macroscopic electro-
dynamics makes only sense if the coordinates used are Carte-
sian ones. For example, the study of electromagnetic perturbations
in Robertson–Walker universe within this context can be conve-
niently described [14] using the isotropic form of the metric.
In the absence of sources, Eqs. (2) become
Da,0 = abcHc,b, Ba,0 = −abc Ec,b,
Da,a = 0, Ba,a = 0. (6)
If we look now for solutions of the form [15]
Ha, Ea, Da, Ba ∼ ei(kaxa−k0x0) = eik0(naxa−x0), (7)
where na := (g00)1/2ka/(e)1/2k0, e := det(eab), and eab is the vier-
bein, Maxwell’s equations (6) become
−Da = abcnbHc, Ba = abcnb Ec,
naDa = 0, naBa = 0. (8)
Inserting these expressions into the constitutive relations (4) and
deﬁning the tensor ρab as the inverse tensor of ab , i.e. ρabbc =
δac , we obtain [15][
as − (nbbac − νac)ρcd(nmmsd − νsd)
]
Es = 0, (9)
where νac := abc gb , νac = −νca . In order to have nontrivial solu-
tions Ea , the determinant of the above coupled system of equa-
tions should vanish. This condition gives the Fresnel equation [16],
which takes the form
[
det
∣∣ab + i(nccab − νab)∣∣]2 det |ρab| = 0. (10)
Hence, birefringence does not occur.
We would like to consider the inﬂuence of a noncommutative
gravitational ﬁeld on birefringence. Since we are mainly interested
in the effects due to the background, we do not attempt here to
deform Maxwell’s electrodynamics. Such deformation would be of
interest, for example, when studying the problem of self-energy of
a charged particle.
3. Noncommutative Einstein’s equations
The -product generalizes the standard point-wise multiplica-
tion of functions and involves an inﬁnite number of terms, its
deﬁnition being
( f  g)(x) := exp
[
i
2
θμν
∂
∂xμ
∂
∂ yν
]
f (x)g(y)|y→x, (11)
with x := (xμ). The elements θμν are constant deformation param-
eters; it is clear that θμν = −θνμ , and [xμ, xν ] := xμ  xν − xν 
xμ = iθμν .A noncommutative action for the gravitational ﬁeld [4] has
been proposed using the -product and appropriate generaliza-
tions of usual notions of general relativity. The noncommutative
Lagrangian is given by
L= 1
2
(
E  R + c.c.), (12)
where E means the -determinant deﬁned as
E := 1
4!
μ1...μ4
A1...A4 E
A1
μ1  · · ·  E A4μ4 , (13)
with μ1...μ4 A1...A4 the Levi-Civita tensor, R := Gμν  Rμν,Gμν 
Gνρ = δρμ , and
Gμν := 1
2
(
E Aμ  E
B
ν + E Aν  EBμ
)
ηAB . (14)
ηAB is the usual Minkowski metric and the elements E Aμ are real
vector ﬁelds; they can be identiﬁed with the classical vierbein eAμ
due to the condition
Gμν |θ=0 = gμν = eAμeBνηAB , (15)
where gμν is the commutative metric.
The Christoffel symbols have expressions similar to the commu-
tative case, namely
Γ σαβ =
1
2
(
∂α  Gβγ + ∂β  Gαγ − ∂γ  Gαβ
)
 Gγ σ, (16)
where ∂μ := ∂μ; they are symmetric, i.e. Γ σαβ = Γ σβα . From them,
the deformed Riemann tensor
Rμνρ
σ := ∂ν  Γ σμρ − ∂μ  Γ σνρ + Γ βνρ  Γ σμβ − Γ βμρ  Γ σνβ, (17)
and the corresponding Ricci tensor Rμν := Rμσνσ can be obtained.
The deformed Einstein’s equations in vacuum are simply Rμν = 0.
3.1. Deformed pp-wave solution
Consider the following line element [17]
ds2 = 2du dv − 2h(u, x, y)(du)2 − (dx)2 − (dy)2. (18)
This family of space–times is generally known as plane fronted
gravitational waves with parallel rays or pp-waves [18]. Space–
time coordinates are denoted by xμ = (u, v, x, y); u and v are
standard retarded/advanced time coordinates.
In classical general relativity, the ﬁeld equations in vacuum
Rμν = 0 imply
h := h,xx + h,yy = 0, (19)
i.e., h is a harmonic function of the variables x and y. In this ex-
pression a subscript denotes partial derivative, i.e., X,x := ∂x X , and
X,y := ∂y X . Derivatives with respect to u and v are denoted as X,u
and X,v respectively.
We consider the frame [19] E+ = Λdu, E− = Λ−1(dv − hdu),
Ea = dxa , for the description of the noncommutative pp-waves in
four dimensions. Here xa = (x, y), h = h(u, xa), a = 2,3, and Λ is
an arbitrary function; it is included in order to have a general sce-
nario and at the same time, to keep the functional form of the
noncommutative frame as close as possible with that of the com-
mutative one.
We impose spatial noncommutativity [x, y] = iθ , by taking
θ23 = −θ32 := θ , as the only non-vanishing elements of the de-
formation parameter matrix θμν . To simplify the calculations we
choose to work on the linearized approximation Λ = 1 + L, and
we assume also h = h(u, x, y) and L = L(u, x, y). Then we obtain
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2
2
s, (20)
where
s := 1
4
(L,xxh,yy − 2L,xyh,xy + L,yyh,xx), (21)
as the only non-vanishing component of the deformed Ricci tensor
up to second order on θ . It follows that R = up to this order as
well.
Noncommutative pp-wave solution is then deﬁned naturally
through the conditions
R(0)uu = h = 0, R(2)uu = s = 0. (22)
Given a harmonic function h, the function L is therefore deter-
mined from the second equation.
4. Noncommutative birefringence
Using Eq. (14) we ﬁnd Guu = −2h + θ2s,Guv = Gvu = 1,G22 =
G33 = −1, as the only nontrivial deformed metric coeﬃcients.
Therefore, the corresponding noncommutative line element up to
second order in θ is
ds2 = 2du dv − (2h − θ2s)(du)2 − (dx)2 − (dy)2. (23)
As a speciﬁc example, consider a plane wave solution with
deﬁning function h = habxaxb , a,b = 1,2, such that each element
hab is constant. Then the equation h = 0 implies h11 + h22 = 0.
The ﬁeld equation s = 0 reduces to
(L),xxh22 + (L),yyh11 = 2(L),xyh12, (24)
or equivalently
(L),xx − (L),yy = γ (L),xy, γ := 2h12
h22
, (25)
where we have used h12 = h21, and assumed h22 = 0.
If γ = 0, then we see that
L = f0(u, x+ y) + f1(u, x− y). (26)
Here f0 and f1 are arbitrary functions of their arguments. The ex-
pression for s in Eq. (21) reduces in this case to
s = h11
4
(L,yy − L,xx). (27)
To further proceed, we need to ﬁnd an appropriate Cartesian
coordinate system where Maxwell’s equations in the curved back-
ground equation (23) may be interpreted as those in ﬂat space
together with constitutive relations. This can actually be achieved,
using the results in [20]. The main requirement in this procedure
is that the function
H := h − θ
2
2
s, (28)
be a separable function. With our ansatz for h we have
H = h11
(
x2 − y2)− θ2h11
8
(L,yy − L,xx). (29)
Since the ﬁrst term is separable, we have then the condition
0 = (L,yy − L,xx),xy = (L,xy),yy − (L,xy),xx, (30)
from which we deduce
L,xy = g0(u, x+ y) + g1(u, x− y), (31)where g0 and g1 are arbitrary functions of their arguments. By
deﬁning now new variables α := x+ y, β := x− y, it can be shown
that the most general expression for L, compatible with Eqs. (26)
and (31), is given by
L(u, x, y) = 1
2
G+0 (u,α) +
1
2
G−1 (u, β) + c0αβ + d0, (32)
where G+0,αα = f0(u,α), G−1,ββ = f1(u, β). Here c0 = c0(u), and
d0 = d0(u), are arbitrary functions of their arguments. Using
Eq. (32), we obtain thus for s the expression
s = h11
4
[−4c0(u)]= −h11c0(u), (33)
and therefore
H = h11
(
x2 − y2)+ θ2
2
h11c0(u). (34)
The diagonalization process can then be applied, leading to a met-
ric of the form
ds2 = 2du dv − F (u)2 dX2 − G(u)2 dY 2, (35)
where [20] F ,uu = − f (u),G,uu = f (u), and f (u) := ∂2H∂x2 = 2h11 =
const. The passage to a Cartesian coordinate system eliminates the
dependence of the metric on the deformation parameter θ .
4.1. Light-cone structure
By using coordinates T := 1√
2
(u + v), Z := 1√
2
(u − v), the line
element Eq. (35) becomes
ds2 = dT 2 − F (T + Z)2 dX2 − G(T + Z)2 dY 2 − dZ2. (36)
In this Cartesian coordinate system, we have the following expres-
sions (a,b = 1,2,3)
ab = μab = diag(G/F , F/G, F G), (37)
for the permittivity and permeability matrices. Furthermore, since
g0a = 0, there is no magnetic–electric cross terms and therefore
the constitutive relations are simply Ha = (−1)ab Ba , and Da =
ab Eb .
To analyze the light-cone structure in this case, we need to con-
sider the generalized Fresnel equation [21,22]
M0k
4
0 + M1k30 + M2k20 + M3k0 + M4 = 0, (38)
where k0 is the zeroth component of the 4-wave vector kμ , while
ka are the spatial components, and
Mi := Ma1...aika1 . . .kai , i = 1, . . . ,4. (39)
Explicit expressions for the elements Ma1...ai can be found in [23,
21,22]; they are obtained from the 4th-order Tamm–Rubilar tensor
density [23].
In our case, the Fresnel equation simpliﬁes to
M0k
4
0 + M2k20 + M4 = 0, (40)
where M0 = FG , and
M2 = −2
(
G
F
k21 +
F
G
k22 + F Gk23
)
,
M4 = 1
F G
(
G
F
k21 +
F
G
k22 + F Gk23
)2
. (41)
Using these expressions, Eq. (40) can be written as
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k20 − F−2k21 − G−2k21 − k23
)2 = 0, (42)
which implies that the quartic Fresnel wave surface reduces to a
unique light-cone
gμνkμkν = k20 − F−2k21 − G−2k21 − k23. (43)
Hence, no birefringence appears in the noncommutative case.
5. Conclusions
We have shown that by going into a Cartesian coordinate sys-
tem, we can eliminate the dependence on the deformation pa-
rameter θ of the noncommutative pp-wave metric for the choice
h = A11(x2 − y2) of the classical part. This implies that the con-
stitutive relations obtained from the line element Eq. (36) have no
magnetic–electric cross terms. The resulting solution to the Fresnel
equation shows a unique light-cone structure given by Eq. (43).
Therefore, no birefringence appears in the case of spatial non-
commutativity. A reason for this is the ansatz used for the func-
tion h; its form was chosen having in mind the diagonalization
process of the pp-wave metric at the classical level. This implies
h12 = 0, which leads quite naturally to Eq. (34). We see then that
the classical structure imposes strong constraints on its possible
modiﬁcations.
A generalization to our ansatz is obtained by considering poly-
nomial expressions of the form h = ∑ni=1 ha1...ai xa1 . . . xai , where
ai = 1,2, and the coeﬃcients ha1...ai are chosen appropriately in
order to satisfy the ﬁeld equations and the separability condition
needed for the transformation of the metric to a Cartesian co-
ordinate system. Moreover, it would be also possible to include
time–space noncommutativity. Work along these lines will be re-
ported elsewhere.Acknowledgements
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